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1L 4 Method for determining the Number of im-
poffible Roots adfe&ed ALquations. By My.
George Campbell.

LemMmma L
IN every adfetted quadratick Ziquation @ %% e B x 4=

A =0, whofe Roots are real, a fourth Part of the
Sauare of the Coefficient of the fecond Term is greater
than the Re&angle under the Coeflicient of the firft
Term and the abfolute Number or £ B2 8 ax 4; and
- wiceverfaif $B*X ax A, the Roots of the Aquation
ax?—Bx+A=0, will be real. Butif : B* X e x4,
the Roots will be impofiible. This is evident from the

1B+ viBr—axd
@ 2

Roots of the /Equation being

tB—vy/ iB’-—-axA.

73

LeMmMMma IL

Whatever be the Number of impoffible Roots in the
HKquation x"— Bx*=s L Caxn=2> D x"=s 4 (¢,
+dxsFexr+bxF A= o,thereare juft as many in
the Aquation A x"—bx"=1 - cxn—2— gy L
. +Dx*FCx*+BxFir=o0. For the Roots
of the laft Aquation are the Reciprocals of thofe of
the firft, as is evident from common Algebra. Eet the
Roots of the biquadratick Aquation x+4— B x: -
Cx’e—=Dx++A=0 be a, b, ¢, d, whereof lez ¢, d
be impoflible, then the Roots of the Aguation

Zzz2 A % e
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—Dx? - Cx* = Bx-1=0 will be

N

N A |
» and therefore two of them to wit -, -

¢

b

x4
I

s

b

I
c

-

N |-

impofhible.

LemMma IIL

In every Aquation x»— B x?=% 4 C 5"~ ? .
Dxr—:tExr—t—Bc. Tex*Tda'+cx’T
bx+A=o, all whofe Roots are real, if each Term
be multiply’d by the Index of » in that Term, and
each Product be divided by w, the refulting Aquation
BAX"" ' == I B2 — 2 C xr—3 —
#—3Dx "t —4g Exr—5— 8. +4ex°
F3dx"F2cxF b =0 fhall have all its Roots
real. Thus if all the Roots of the Aquation x*
Bx?4-Cx*—D x 4 A = o0 be real, then all the
Roots of the Aquation 4x° —3Bx’*42Cx—
‘D = o will alfo be real. 'This Lemma doth not hold
converily, for there are an Infinity of Cafes where all
the Roots of the Aquation # "~ e =1 B 3"~

e——

#—2Cx" 3 — 3 Dxr=4 .+ 3d x>
2 ¢x 46 =0 are real, at the fame Time fome or
perhaps all the Roots of the Aquation &7 — B x»—*
Cxr=*—Dux*34Gc.tdeTexw+bxTAd=0
are impoflible: But whatever be the Number of impof-
fible Roots in the Equation#x" = —p — 1 Bx"~2 L
#=—2Cx" e @r¢. 2 cxJ-b = o, there are at
leaft as many in the Aquation x”"— B x»—r
Cxr—20c.*+cx*FTbobx—+Ad=0. Thus all the
Roots of the Aquation 4x%e—3 Bx?-2 Cx —
D = 0 may be real, and yet two or perhaps allfthe
four
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four Roots of the Fquation x*=— Bx’-q C a2 e
D x 4+ A=0 may be impoflible, but if two of the
Roots of the Aquation 4x3—3Bx?d2Cx—
D = o be impoflible, there muft be at leaft two im-
poffible Roots in the Alquation x¢— Bx3 4 Cx? —
D x 4 A=o0. All this hath been demonttrated by
Algebraical Writers, particularly by Mr. Reynean in
his Analyfé¢ ‘Demontré, and is eafily made evident by
the Method of the Maxima and Minima.

CororLARY. Let all the Roots of the Aiquation
X' B "=t - O =2 e D v =3 o B xn—4 —
Fxr—sdt e +fxsTexttdx*Fex*+bxF
A = o be real, and by this Lemma all the Roots of the
Aquation #x "=t =1 Bx"=2? - —2 C 2"~ %
#—3Dx*"tdt—gy Ex"=5 g § Fen—6 |
&Oc. +sfutF4ex+3dxFren+b=o0 will
be real, and therefore (by the fame Lemma) all the
Roots of the Aquation 2x %7 —1x"~* % — 1%
ne— 2 Bx*r" i n—2xXn—3Cx"4—p—3%
=g Dx" St gx e s Ex" = —t— %2 G
Fxr=14 &¢ +20fx*Frrex*+6dxFTrc=o

7 X

or (dividing all by 2) of #x

FL e D, b7 A .

Bxr=34-n—2x 2 Cxrt G, +

2

10fx3F6ex*+3dxTFc=o0 will be real. After
the fame Manner all the Roots of the ZAquation

N oo I T 2
”x x x”_so—-”-—-—lx
2 3 2 3

Bxn=+ 4

B2 3
Pt
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%—3

7 — o

X — 4C'x"“'$-- ©e. +
2

10fx*F 4ex+d=0 will be real; and thus we

may defcend until we arrive at the quadratick Aqua-

Bxr=4d=n—2X

. . /A §
tion X

X em g —1Bx 4= C=0. The fame

2

A

A.quations do afcend thusz X X1 B4

2

/2l S /2 A
X X3 e 7Y s T W
2 3 2

Bx*4-

C=o0,2X%

— Howm I =2 N3
o 2D =0,2% pe b x*
2 3 4

n—3

B2 W3
21X X Bx: 425 e—2X
2 3 2

X

—_— B X Womm 2
Cx?e—mp—=3Dx4E =0, 2% X ; %
2
Hom 3 H— B2 P 3 7 e
3x 4x5-—%—-—1x — % 3>< 4
4 5 2 3 4

Ne—3 B 7 — 4
3. "4 4
3

Dxridn—4Ex—F=0, and o on. Let M re-
prefent any -of the Coefficients of the AEquation
x"—=Bxr=t1JCx*~?—Dx*— 4 Ex"—*_ &c.
4+ A =0, and let L N be the adjacent Coeflicients,
let M be the Exponent of the Coefficient M : By the
Exponent of a Coeflicient I mean the Number which

exprefleth

B x4 4 ne—2x Cx?e—n—3%X
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exprefleth the Place which it hath among the Coeffi-
cients, thus if M reprefent the Coeflicient £ (and
therefore L=D and N=F) then m= 4. It
will be eafy to fee, that, amongft the foregoin
afcending Zquations, that which hath its abfolute

Number N will be nxn-‘lxﬂjzx &,

2
T e IR 2y 6 2 B e +
m-t-1 z ”
n—a¥x . :;:’:‘Cx*'?‘ — et —m41x
7L v 172

sz.?n;meiN: 0, all whofe Roots
2

are real when all the Roots of the ZAquation
Xt Bx" 1 CXx"=? = &¢. + A4 = 0 are real.
Let N= F and therefore M = E, L =D and
m = 4, then that of the afcending /Equations whofe

abfolute Number is £, will be # x #e—1 %—2

X X
2 3

n—3 #—4 n—2 n— n—
X X5 —n—1x X 3>< 4

4 5 2 3 4

L e— B—3 g —_—
Bxtdn—2% y x———-‘-}C'w—-n-—-sx” 4

' 3

Dx2Fttemig B x e F = o,
2

PRro.
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PrRorosiTIioN L
Let % — B x*—r 4 C 2"~ = D x5~ L
Exr—e ©c. +extFdx? +cx*Fbobx+A=o0
bz an Alquation of any Dimenfions all whofe Roots
are real, let 44 be any Coefficient of this Equation,
L, N the adjacent Coefficients, and # the Exponent of
M. 'Then the Square of any Coeflicient M multi-

mXn—m

m L X%— -1
ways exceed the Re&angle under tl}e adjacent Coeffi-
cients L x N. Thus in the Equation ¥+ — B .
Cx*—D x 4 A = o, where n = 4, making M — C
and therefore L = B, N = ‘D, and » = 2, then

ply’d by the Fra&tion will al.

2X 4—2
2,-!—1)(4.——-—-7.—}-1

providing all the Roots of the ZEquation be real.
Becaufe (by Lem. 3.) the Roots of the quadratick

% C? or i;. C? will exceed Bx D

n—1 —_
X2 —#—1Bx 4 C=o0, are

Equation 7%
2

real, therefore (by Lem. 1.) z#—1|*x B? muft be

”—1

greater than #X x C and (dividing both by

2

#—1I\2—1 .
7% ) % B greater than 1 X C. Therefore in
2 LR

the Aquation x* — Bx*— ' 4 Cx»—2? — Dx»—3 4
©c. + 4= o of the » Degree, all whofe Roots are
real, the Square of B the Coefficient of the {%cond

erm,



{ 521 )
Term, multiply’d by the Fradion =

2 n
1% C the Rectangle under the adjacent Coefficients.
But (by Lem. 2.) all the Roots of' the Zquation
Ax e bx* = x*—2 =8¢, +Cx* F Bx +

L
is greater than

b
1 =0 or (dividing by 4) of xi—-zx”"' <+~

£ pns €§'c+cx E.x'-l— = 0 are real
27 20T gt ’

therefore (from what hath been ]uf’c now faid)

n—1 b
X —— muft be greater than 1 x—- and confe-
an A A

x5 greater than ¢x.4. Therefore

quently

in an }Equatlon x*— B x*~1 4 Cx*—" — 8.
+ecx®Fbx+ A= o0, of the # Degree, all whofe
Roots are real, the Square of the Coefficient of 2

multiply’d by the Fradtion 2L i greater than the

28
Re&angle under the Coeficient of x* and the abfolute
Number. But by Cor. Lem. 3. all the Roots of the

n—1 7n—2 ”n—1m
X x 8c. x

Faquation # X
E 41

”%—2 % —
X &¢. x

7n—1IX

m -
Bx»4-n—2 x e

Cxep=3@c.+n—maf1x ——x Lx*F
7 — X 2

Aaaa B —m
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n—m Mx + N = o are real, therefore (fecing this
Aquation is of the 72 -4~ 1 Degree) the Square of
m-41—x
2xm-x
will be greater than the Rectangle under #—m 1 x

#—m x M multiply’d by the Fraction

”—m ~ ) m —_
x L and N, that is X% —m|¥ x
2 2 XM~ X ‘

W

P e« Lx N

M+ will be greater than #—m 1 x
2

n—m
2

and therefore (dividing both by z —m -1

mxn_—% x M= greater than L x N.
mA-1Xn—m-41

CoroLARY. Make a Series of Fra&ions
—:’-z—‘, i I, Z Z, z 3, &@c. unto X whofe De.
1 2 3 4 n
nominators are Numbers going on in the Progreflion
1, 2, 3, 4o ¢&¢. unto the Number # which is the Di.
menfions of the ZAquation x» — B x»—* 4= Cx"— 32—
&c. + 4= o, and whofe Numerators are the fame
Progreflion inverted. Divide the fecond of thefe Frac-
tions by the firft, the third by the fecond, the fourth
by the third, and fo on, and place the Fractions which
vefult from this Divifion above the middle Terms of

2% p—2

n—1
» 2n 3en—g
the quation, thus &% — Ba"~1 - Cx"7% —
Dxr=3 -
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| s it
LI L T

xXn—2 §Xn~3

Dxr—3 4 Exr=+— 8¢, + A =0, Then if all
the Roots of the Zquation are real, the Square of
any Coefficient multiply’d by the Fra&ion which
ftands above, will be greater than the Re&angle un-
der the adjacent Coefficients. This Corolary doth not
hold converfly, for there are an Infinity of Aqua-
tions in which the Square of each Coefficient multi-
ply’d by the Fraction above it, may be greater than
the Re&angle under the adjacent Coefiicients, and
notwithftanding fome or perhaps all of the Roots may
be impoflible. Therefore when the Square of a Coeffi-
cient multiply’d by the Fraction above, is greater than
the Re&angle under the adjacent Coeflicients, from this
Circumnftance nothing can be determined as to the
Poffibility or Impoflibility of the Roots of the Aqua-
tion : But when the Square of a Coefficient multiply’d
by the Fraction above it, is lefs than the Re&angle un-
der the adjacent Coefficlents, it is a certain Indication
of two impofiible Roots. From what hath been faid,
is immediately deduced the Demonftration of that
Rule which the moft illuftrious Newzon gives for de-
termining the Number of impoflible Roots in any gi-
ven ZEquation.

ScHoLiUM,

_ Let the Roots of the ZEquation &7 B =142
Cxr—2—Dx*— 2+ Exr—4 — Fxr—s 4 ©ec. +
A = o (with their Signs) be reprefented by the Let-
ters a, b, ¢, dy e, f;, g, &c. then (as is commonly
known) B will be the Sum of all the Roots or = 4 -
b4-c4d4-e4 f-4 ©e. Cthe Sum of the Produds

Aaaa2 of
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of all the Pairs of Roots or == sé 42 ¢ - ad

af -+ ag-4 &c. D the Sum of the Produdts of all
the Lernaryes of Roots or = abec+-abd-tabe
abftabg B E=abcdd-abcetabef+
abeg 4+ ®c. F=abcde4abed f4 abcdg -
bedef 4 ©c. and fo on. Let (as in this Propofi-
tion) A reprefent any of thefe Coefficients, L, N the
adjacent Coefficients, and # the Exponent of Af; let
Z reprefent the Sum of the Squares of all the poffible
Differences between the Terms of the Coefficient M
let « be the Sum of all thofe of the forefaid Squares
whofe Terms differ by one Letter, 2 the Sum of all
thofe Squares whofe Terms differ by two Letters, 5
the Sum of thofe Squares whofe Terms differ by
three Letters, & the Sum of thofe Squares whofe
Terms differ by four Letters and fo on. Thus if
M=F=abcde+tabcdf+abcdg + ©c.

then Z.—;-abcde——abcdﬂ2+abcde—-‘abcdg|=+,
abcde—abefgl*+bedef—ab fgh*4 ©e.
e«—abcde—abcdf|*4-abcde—abcdg*+
abcde—abcdb4 bcdef——-bcdeg[’-{- Of S
B=abcde—abcfgl*+abcde—abcfh 4
bedef—acdfhl»+ Bec.y=abcde—abfghi>4
abcdf—abegh 4+ ©c.d0=abcde—afghkl 4

acdfg—abebk| + Ye. This being laid down I
fay that the Square of any Coefficient 4/ multiply’d

mXn— .
exceeds the Re&-

by. the Frattion mrixA—mE

angle under- the adjacent Coeficients L x N by
nt1X2Z
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nd1XZ X 1 X I

w4 LXN—7 -1 2 3 4 5
. I I I

& — 9c. 'The Series e — @ e — B — 5

&e. muft confift of m Number of Terms,

Let the Zquation be x5 — B x4+ 4 Cx? —
D x* 4+ E x — A = o, whofe Roots let be @, 4, c,
dy ¢, in which Cafe # = 5. Let M= B=a +
b+c+d+e,thenL...IN G, m =1,

L =a—0b+ a— —}-zz-——d*z.}.a.._q e

U IX§—1
b — ¢t 4 ©c. = a ; therefore N
+1x5~—1+r
I
B2 or —-.BZe*:cecdexC'by 5+~_*X._
5 I+I><5—-—I+:
I 3 I -
—— mm e e g = (becaufe Z::a;)
2 5 2

—-Z.__.——ez--b[ -+ —-—Xcz-—cl +—-a»—-—c/[ +

IO IO

&@c. which is always a pofitive Number when the
Roots a4, b, ¢, d, e are real, pofitive or negative
Numbers, Let M = C—-ab~,«ac+ad~4~.
ae+bc+4 G then L =B, N = ‘Dm—z,

J—-ab.—-ac‘ +ab—cadp +ab—cdp 4

ab—-—de[ + e o ~ab——ac‘2+m1 4+
ab—acp 4 5. B=ab—cd +aa~—-cej +-

zx;-——z

IX5--—¢—}-I

ab—de* 4 o therefore —

x C?

ox
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X . s 1y
or — C* furpafleth Bx D by sLIxXZ
2 C24IX§—241

1 I . X
——a— — B = (becivle L =a4f) = —
2 3 6

[5._.—-><aé cdi—}-——ab—-ce +-—.x
ab— 2 e + &ec. which is always a pofitive Num-

ber when the Roots 4, &, ¢, d, e are real Numbers,
pofitive or negative, Let M =D = aéc—{-ac’zd—}—
abedacdace -+ G then L=C, N=E,
m=13 Z=abc—abdf +~abc—abe 4
abc—adel* I8¢ a=abc—abd* +abc—abel -

abe—acdl 4 Gc. B=abc—adel +-abc—cdelr -

—_— 3IX§—3

abc—bdelr I- 8. o, — o, therefore e
1

D> or — @ exceeds Ox L by e 2 N —X

3+IX5—341
Z._~¢_?3=’becaufe.z=m+@ = '—6—)(

2
B ::-g—xaéc—-—-ade[i 4 -é-Xabc—c‘deli + —;—

abc—bdeP 4+ &c. which is a pofitive Number
when the Rcots are real Numbers. Let M =F =
abcds abce +abde - becde + B¢ then

L=D, N=4, m = 4, Z:abt‘d'-——déce]’ 4
abcd—bcdep +abcd—acde? + &r. = ay
B =
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s —

4X5—4 ..
= 0 = ~ = o, therefore === X E* or
B=o=y=2 4+ IXS—4+ 1

T3
2 E* exceeds D x A by —= X Z e
5 4+ IX§—4+1

I I [

_I.o,,: iZ._..—I-m = —2=-—¥ abcd—abeel* -
2 5 2 10 10
) ¢

—xabcd—bedel + &c. which is a pofitive
10
Number when the Roots are real Numbers.

Prorosition IL

Let " e Bx =1 1 Cx"~ 2D 3"~ 3 . E 57 toem
©c. + A4 = o be an Aquation of any Degree, whofe
Roots with their Signs let be exprefled by the Let-
ters @, b, ¢, d, ¢, f; &c. let M reprefent any Coeffi-
cient of this Aquation, L, N the Coefficients adja-
cent to M; K, O the Coefficients adjacent to L, N;
I, P thofe adjacent to K, O ; H, 9, thofe adjacent
to 1, P, and fo on. " Let m reprefent the Exponent
of M and let Z (as in the preceeding Propofition)
reprefent the Sum of the Squares of all the poffi-
ble Differences between the Terms of the Coeflici-
ent M. 'Then the Produ& of the Square of any

Coefticient M multiply’d by the Fra&ion L %

2
I 4
X . doth
i m— L Y s 2, Y s 77 S X
7 X X X €, K e I T
2 3 m

always
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always exceed LXN—=Kx O + IxP-—Hx 9 - e,
1 Z .
by — which
”xﬂ-——lxﬂ—-—'?.x@c'x W o—— 4+ I
2
is always a pofitive Number, when the Roots @, 4,
¢, dy, e @c. are real Numbers pofitive or negative.
Let the Aquation be of the feventh Degree or
x7—=Bxt 4 Cxs—Dx+4 Ex? e Fx* G xe—
A =0, whofe Roots let be 4, 4, ¢, d, ¢, f; g, in
which Cafe # = 7. Let M=FE=abcd4-abce4
abecfdabeg+ beded G then m = 4,
L=—-D N=—FK=C0=0G, I=—B8B,

P=—Ay Z=abcd—abce] +abcd—abcf|*

sbcd— abeg? + &c Therefore L %

2

’ . 1
T — y ! % E2 or —-7—E= exceeds D X
2 3 4

3 Z
F—CxG4-BxA by or — =
6 5,4 7°
7 X —X—X— ;
2 3 4

L wabcd—abcel 4+ ——Lxxbcd—-aécﬂz +
70 70
&e.

Trom this Propofition, is deduced the following,
Rule for determining the Number of impoffible Roots
in any given Aquation. From each of the Unciz
of the middle Terms of that Power of a Binomial,

1 whofe
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whofe Index is the Dimenfions of the propofed Equa-
tion, fubtra& Unity, then divide each Remainder by
twice the Correfpondent “Oxcia, and fet the Fradi.
ons which refult from this Divifion, above the mid-
dle Terms of the given Aquation. And under any
of the middle Terms if its Square-multiplyed by the
Fra&ion ftanding above it, be greater than the Re@-
angle under the immediately adjacent Terms, Minas
the Reftangle under the next adjacent Terms, Plus
the Rectangle under the Terms then next adjacent
-— ®c. place the Sign 4, but if it be lefs, place
the Sign —. And under the firt and laft Term
place 4. And there will be at lealt as many “im.
poflible Roots, as there are Changes in the Series of
the under-written Signs from -~ to =, or from —
to 4-. Let it be required to determine the Num-
ber of impoflible Roots in the ZAquation x7 —

5x°F+15x5 —23x% 4+ 18X 1052w
28 x 4 2 4= o. The Vncie of the middle Terms
of the 7th Power of a Binomial are 7, 21, 33, 35,
21, 7, from which {ubtracting Unity, and dividing
each of the Remainders by twice the correfpondent
6 20 34

‘Oncia, the Quotients will be —, —— .

4 42 70
34 20 6 3 5o 17 17
’ 9 or —y w———, ———y =y
70 42 14 7 21 35 35
10 3

et which Fractions place above the middic
%

2 EY:X

. 7 22
Terms of the Equation, has x* w— 5 46 A 15 x5

3

Bbbhb :zng‘..}.z
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X
5

w(-

—-}-18‘903 +on2-—-7.8x+z4....a. Then
+ + +

—

becaufe the Square of — 5 x° multiply’d into the

Fra&ion over its Head -7?1 , to wit Z;— x 15 lefs
than »7 X155 or 1§ x' I place the Sign — un-
der the Term sx¢. Becaufe the Square of 1§ xs

multiply’d by the Fraction over its Head

-2X

to wit —— 795 v s greater than e G X K 2 3 X0 e
7

x7X 18 x° = g7 I place the Sign < under

8
the Term 1 5 x5. Seeing 9 Z X% (the Square of the
Term = 23 x+ multiply’d by the FraGion over

its Head -17-) is lefs than ¥ §x5 X1 853 —
35 ,

—sx X108 FxTX—28x=292x%, Iplace
the Sign — under the Term 2 3x+. Becaule

i 1 08
I 8x3‘ X——Z' or ﬁ——fx‘ exceeds ——23X 4 XION 2w
35- 35

15x° X— 28 X4 —sx° X2 4=70x° I plact:
the Sign -+ under the Term x8x7.  Since 1 ox:rx
10 1000 '

21 23

=

23 xtx24=48x+ I place the Sign — under
the

x4 1s lefs than +18x3 X —2 8 X —
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the Term xox*. Becaufe 28 x> X .;- or 3362

is greater than 10x*> X2 4 =12 40x* under 2 8 »
Iplace -}, then under the firt and laft Terms I
lace - ; and the fix Changes of under-written Signs
fhews that there are fix impofiible Roots.
If the impoflible Roots were to be found by the
Newtonian Rule, the Operation- would ftand thus.
.aL 5. } 5

x?-—-sx +15x -—~z3x4+18x3 +rox=-—-—
-+ +

3
28x 412 4=0, by which Rule there are found

only two 1mpoﬂible Roots, whereas there are fix to

Wltl+‘\/"‘"3a I"“"‘V 3,I+'\/--2,,
I-—-\/--z, 1+V—-1, I+\/--I, the fe.

venth Root being — 1.

Bbbb 2 L 4



